Abstract. The development of numerical methods for solving the Helmholtz equation, which behaves robustly with respect to the wave number, is a topic of vivid research. It was observed that the solution of the Galerkin finite element method (FEM) differs significantly from the best approximation with increasing wave number. Many attempts have been presented in the literature to eliminate this lack of robustness by various modifications of the classical Galerkin FEM.
1. Introduction.
Physical motivation. Boundary value problems governed by the wave equation
arise in many physical applications, e.g., electromagnetic wave propagation and acoustics. In applications like radar detection of moving bodies or acoustic scattering, a typical situation is that the inhomogeneity f is time periodic, g (x, t) = f (x) e ikt .
In this case, we know (cf. [9] ) that the solution of the wave equation is of the form w (x, t) = u (x) e ikt , where the amplitude u (x) satisfies the Helmholtz equation
In contrast to the Poisson equation in potential theory, the function u (and not its derivatives) is of main physical interest, denoting the amplitude of the electric or magnetic field or of the acoustic pressure, depending on the underlying application. This remark will be essential for the choice of an appropriate norm for measuring the accuracy of the discrete solution. In many situations, e.g., scattering and transmission problems, the Helmholtz equation is defined in an unbounded exterior domain with Sommerfeld's radiation conditions imposed at infinity (cf. [8] ):
Here, D denotes a bounded domain in R d , and ∂ ∂r , the derivative in the radial direction. If the so-called wave number k becomes large the solution of the Helmholtz equation becomes highly oscillating and the discretization very expensive. Hence, there is a growing interest in discretization methods where the computational complexity increases only moderately with increasing wave number.
Transforming the Helmholtz equation on exterior domains onto a finite domain.
The fact that, in many situations, the Helmholtz equation is imposed on infinite domains rules out the straightforward use of finite element or finite difference discretizations. This difficulty can be avoided by introducing a sufficiently large ball B containing D ⊂⊂ B. The equation outside the artificial ball can be transformed to nonlocal boundary conditions on ∂B using the method of integral equations (see [13] ). In this context, this technique is called the Dirichlet-to-Neumann map (see [17] ). Thus, the Helmholtz equation has to be solved on the finite domain Ω := B ∩ R d \D:
where ∂/∂n denotes the normal derivative. For sufficiently large B, the integral operator K [u] can be approximated by the local term iku, i.e., the nonlocal boundary conditions are replaced by so-called Robin boundary conditions:
The size of the ball has to be adapted to the required accuracy and, additionally, has to be increased with increasing wave number k. A quantitative error analysis for this kind of approximation is given in [11, Thm. 3.1] . What is important for our purpose is the following. The domain of computation Ω is, especially for high wave numbers k, much larger than the domain of physical interest. This observation shows that for large domains, weighted norms are appropriate to measure the accuracy of the numerical solution.
The pollution effect of the Galerkin FEM for the Helmholtz equation.
It is well known that, for elliptic boundary value problems like (1.1), the Galerkin FEM leads to quasi-optimal error estimates with respect to the degrees of freedoms. This means that the accuracy of the Galerkin solution differs only by a constant factor from the best approximation in the finite element space. From numerical experiments and from theoretical analysis it is known (see [14] , [15] ) that this factor increases with increasing wave number; in other words, the Galerkin FEM does not behave robustly with respect to k. In [6, Thm. 2.6 ] it was shown that, for a model situation, the ratio of the error of the Galerkin solution and the error of the best approximation tends to infinity with increasing k. On the other hand, it was shown in [2] that the condition "k 2 h is small" would be sufficient to guarantee that the error of the Galerkin solution is of the same magnitude as the error of the best approximation (independent of k). In practice, however, this condition would rule out reliable wave computations in three dimensions for moderate and higher wave numbers for the following reasons. The condition k 2 h < 1 would imply that the dimension N of the system matrix is of order N = O h −3 = O k 6 . The arising system of linear equations has complex entries and is highly indefinite such that the solution process becomes too expensive for k > 10 ∼ 20.
Recently, many attempts have been made in the mathematical and engineering literature to overcome this lack of robustness which, in this context, is called a pollution effect (see [14] , [18] , [6] ). In many cases, one-dimensional model problems have been analyzed and then generalized to more space dimensions. Numerical experiments show that in some situations the pollution effect can be reduced, but in two-dimensions quantitative results about the size of the pollution appear to be very vague and a theoretical foundation is missing. These observations motivate us to study the following questions.
1. Is it possible to define a generalized finite element method (GFEM) for the Helmholtz equation that has no pollution-one in which the Galerkin solution converges at the same rate as the best approximation independent of the wave number k? 2. How much insight can one get from the study of one-dimensional model problems? Are all higher-dimensional effects of the pollution visible in one dimension? In this paper we will prove the following results.
• In one dimension, the pollution effect can be eliminated completely by a suitable modification of the discrete bilinear form.
• In two dimensions, the pollution effect can be reduced substantially, but cannot be avoided in principle. Hence, one-dimensional results are not fully representative for the two-and higher-dimensional cases. The paper is organized as follows. After having introduced some notation we will specify what we mean by GFEMs. Then, we will explicitly define a pollution-free FEM in one dimension.
In two dimensions, we will prove that, for any modification of the FEM, we can define a family of domains and right-hand sides such that the ratio of the Galerkin error and the error of the best approximation tends to infinity. However, the proof of that theorem shows how a modified Galerkin method has to be designed such that the pollution effect is minimal. Numerical examples presented in [6] show that, by using these results, the classical Galerkin FEM can be improved substantially.
Setting.
In this section, we will consider finite element discretizations for approximating the solution of the Helmholtz equation
First, we will introduce some basic notation.
Finite element spaces and Galerkin discretization.
The Galerkin discretization is applied to the variational formulation of the Helmholtz equation. For this, let H 1 (Ω) denote the usual Sobolev space as defined, e.g., in [1] . Incorporating the essential boundary condition on ∂D we obtain the space V := v ∈ H 1 (Ω) :
v | ∂D = 0}. For given right-hand side f ∈ V and q ∈ H −1/2 (∂B), the variational formulation of (2.1) is given by seeking u ∈ H 1 (Ω) such that
The Galerkin FEM is given by replacing in (2.2) the infinite-dimensional space V by finite element spaces. In this paper, we focus our attention on approximations of the Helmholtz equation of second order. For the FEM, this means that we are employing (bi)linear elements. Remarks on how the results can be generalized to higher-order discretizations will appear in various places. Let
denote a finite element mesh consisting of simplicial or quadrilateral elements. The mesh width is denoted by
denote the set of vertices of τ not lying on the essential boundary ∂D. For x i ∈ Θ, the usual local basis functions are given by
The finite element space corresponding to the grid τ is given by
The Pollution effect of the FEM for the Helmholtz equation.
Let u h ∈ S h denote the Galerkin finite element solution of the Helmholtz problem, while u denotes the exact solution in V . The error is given by e h = u − u h . The best approximation of u in the space S h with respect to an appropriate norm · is defined by
Obviously, we have
On the other hand, we know that the Galerkin method is quasi-optimal in the sense that, for sufficiently small h, the Galerkin solution satisfies
Intuitively, we will say that the FEM has the pollution effect if e h approaches zero increasingly slowly as e opt h has increasing k. This will be defined in a formal way now. DEFINITION 2.1. Here and in the following, we assume that the wave number is bounded away from zero, 
In order to motivate a minimal requirement on the dependence of h on k, we consider the following model problem:
The exact solution is given by u (x) = exp (ikx). The best approximation in the space of continuous, piecewise linear trial functions satisfies
Hence, a minimal requirement for the relative error of the best approximation to be small is that (kh) is small. In this light, the following assumption is very natural. Assumption 2.2. Throughout this paper we assume that (kh) ≤ α holds with a generic constant α being independent of all parameters.
For a one-dimensional model problem the pollution effect was studied thoroughly in [15] , [16] , and [6] . It was shown for one-dimensional model problems that
• the Galerkin FEM contains the pollution effect in both the L 2 -and H 1 -norms; • for the Galerkin FEM, estimate (2.4) holds for the L 2 -norm with t = 1 (cf. [6, Thm. 2.6]);
• the pollution effect is visible for all degrees of approximation, i.e., the hpmethod for arbitrary but fixed p; • the pollution effect can be interpreted as a lack of stability since the discrete inf-sup constant behaves inverse-proportionally to the wave number. It is clear that, in more space dimensions, one expects the pollution effect of at least the same magnitude as in the one-dimensional case.
GFEMs.
In the following, we will characterize GFEMs. GFEMs were first introduced in [4] in a variational setting. For our purpose, an algebraic definition will turn out to be more appropriate.
We begin by introducing finite element interpolation and grid functionals. DEFINITION 2.3. A vector γ ∈ C n is linked with a finite element function by the canonical prolongation
A grid functional Q (f, q) is an operator which maps the right-hand side (f, q) of (2.1) onto a vector in C n . Example 2.4. Using this notation, the Galerkin FEM is defined by seeking u h such that
The following remark concerns the sparsity of G Gal . Remark 2. Two points x, y ∈ Θ are called physically connected if there exists an element ∆ ∈ τ having x and y as vertices.
If 
Additionally, we require G to be symmetric:
The solution of
is then identified with the so-called generalized finite element approximation to (2.1)
In the next section we will prove that, in one dimension, it is possible to define G and Q, i.e., a GFEM which has no pollution.
On the stabilization of the Helmholtz equation in one dimension
with Robin boundary conditions. In this chapter we will prove that, in one dimension, there exists a pollution-free GFEM for the Helmholtz problem. We have already mentioned that this is not possible in the higher-dimensional case. However, the one-dimensional analysis gives insights into how a GFEM has to be designed in higher dimensions such that the pollution effect is minimal.
To fix the ideas, let us consider the following one-dimensional model problem:
and assume that k is bounded away from zero, i.e., k ≥ k 0 > 0. The variational formulation of problem (3.1) can be written in the form, seeking
The step size h and the corresponding finite element space
were already defined by (2.3). We will also need the space S 0 h consisting of functions which are constant on each interval ∆ i .
The Galerkin discretization of (3.2) leads to a system of difference equations of the following form:
where we have already used the symmetry of G Gal . Terms in the equation above containing subscripts smaller than 1 or larger than n have to be skipped.
For the GFEM, we make the ansatz
In order to motivate how the coefficients G i,j have to be chosen, we present the following consideration.
From the theory of ODEs, we know that, if f ≡ 0 on an interval ∆ m , the exact solution takes the form
In [6, Chap. 2] it was shown that on such intervals the solution of the Galerkin FEM is the interpolant of
with suitable A h,m and B h,m . Furthermore, it was shown that the pollution effect is related to the phase lag k − k h . The idea of constructing a pollution-free GFEM is to eliminate the phase lag for as many right-hand sides as possible. The choice f = 0 in ∆ m ∪ ∆ m+1 implies that the right-hand side in (3.4) vanishes. This leads to the condition that (3.4) has to be satisfied for the fundamental system u = exp (±ikx) with right-hand side zero. Additionally, by choosing the operator Q in a suitable way, it is possible to determine G such that the GFEM solution interpolates the exact solution for piecewise constant right-hand sides, i.e., f ∈ S 0 h . Working out these ideas properly, the following GFEM results. Let the system matrix G stab be defined by
otherwise, (3.5) and the mapping Q stab by
Note that this definition 2 can be interpreted as follows. First, one replaces the exact right-hand side f by the
whereas χ m denotes the characteristic function on the interval [x m−1 , x m ] and then computes as usual the right-hand side vector by applying some weighting which is related to the nonuniformity of the grid τ . Note that in the case of a uniform grid and f ∈ S 0 h , we have
In the definition of Q stab we assume that
For the latter purpose we will need the following approximation properties of the
for s ∈ {−1, 0} and t ∈ {−1, 0, 1} with t ≥ s, and the pointwise error can be estimated by
In the following, we will show that, under certain assumptions, the finite element solution corresponding to G stab and Q stab is pollution-free. We first have to prove some estimates for the exact solution.
LEMMA 3.1. (a) Let f ∈ H 1 (0, 1) and u denote the corresponding solution of (3.1). Then, the following stability estimate holds:
for s ∈ {0, 1, 2}.
(b) Let δf := f −P 0 f denote the right-hand side of (3.1). Then, the corresponding solution u 0 can be estimated by
Proof. The proof is a slight modification of the proof of Lemma 1 of [15] . We first prove (3.9).
Green's function of problem (3.1) can be written in the form
Thus, the exact solution u 0 can be expressed by
In the next step we will estimate |u 0 (x)| . First, let us assume that x = x j , i.e., that x coincides with a grid point x j . Using (3.7), we have
The proof in the case of x = x j is analogous. The L 2 -norm of u 0 can therefore be estimated by
The estimate of u 0 L 2 (0,1) can be obtained in the same way by using
Using the previous estimate and δf 0 ≤ f 0 , we conclude that 
h and u denote the corresponding solution of (3.1). Let hk < π and v ∈ C n be defined as the solution of
Let v := Ev be the finite element solution. Then v coincides with the piecewise linear nodal interpolant of u.
Proof. Case (a). Statement (a) follows easily by explicitly computing
Case (b). By the linearity of the Helmholtz equations it is sufficient to prove the assertion only for
Now applying G stab to u m we get, after somewhat tedious algebra which is skipped here,
otherwise.
Thus, we conclude that
whereas the entries marked by a star are nonzero elements due to hk < π. All other entries of F vanish. Thus, F is regular, yielding that G stab has full rank and therefore that G stab is regular. We come now to the main result of this section, which shows that, under certain assumptions, the finite element solution corresponding to G stab and Q stab is pollutionfree. THEOREM 3.3. Let the right-hand side f of (3.1) be in H 1 (0, 1). Let G stab and Q stab be defined by (3.5) and (3.6) and let u fe denote the solution of
Then, the corresponding finite element solution u fe = Eu fe satisfies
and u denote the solution of (3.1). Using (3.8) the error of the best approximation u opt h in S h with respect to the H 1 -seminorm can be estimated by
According to Definition 2.1 the stabilized FEM is pollution-free.
Proof. Let the bilinear form a : V × V → C corresponding to problem (3.1) be defined by (3.3) and let K : V → V denote the operator associated with a (·, ·). For f ∈ V , let u ∈ V be the solution of
h , and u 0 , the corresponding solution in V , i.e., 
and using the triangle inequality, it is sufficient to estimate the norms of the differences u − u 0 and u 0 − u 0 int separately. We begin by estimating u − u 0 . We will need the following stability estimate of K which is proved in [15, Thm. 1], namely,
Thus, using the approximation property of P 0 , we conclude that
, we proceed as follows:
Using Lemma 3.1 again, we have
Inserting (3.14) and (3.15) into (3.13) we get
Estimating (3.12) together with (3.16) yields
which completes the proof.
In this chapter we have presented a pollution-free GFEM for a one-dimensional model problem. The principal underlying idea was to insure that if the right-hand side belongs to a sufficiently large subspace of V × H −1/2 (∂B), the GFEM interpolates the exact solution. Sufficiently large means that the continuous right-hand side can be approximated in this subspace consistently. Since the zero function will always belong to this subspace, the GFEM has to reproduce the fundamental system. We state that similar constructions can be made for boundary conditions possibly different from those chosen in (3.1) and also for higher-order approximations.
In the following we will show how significantly the stabilized FEM improves the classical FEM for the Helmholtz problem. 
Numerical examples.
In this section we will illustrate the pollution effect of the Galerkin FEM and the behavior of the stabilized FEM. We choose f = 1+x 2 as the right-hand side of (3.1). Our first example is characterized by choosing piecewise linear elements on a uniform mesh, while for example 2, we consider a highly nonuniform mesh in the following way. Let the step size h satisfy h −1 ∈ N, and x j = jh denote the grid points of the uniform mesh. We disturb these grid points randomly in the range As h becomes small, the corresponding error line approaches the error line of the best approximation, while for larger h the solution is spoiled substantially. The range of h, where the solution of the Galerkin FEM is polluted, increases with higher k. We state that even if kh is relatively large, i.e., kh ∈ [1, 2] , the solution of the stabilized FEM already has the expected asymptotic behavior of O (kh). As can be seen from Figure 4 .2, the stabilized FEM works also on nonuniform grids, while the effect of the pollution is higher for the Galerkin FEM. The aim of our numerical investigation was to illustrate the improvement of the stabilized FEM compared with Galerkin FEM. A more thorough investigation of the pollution effect of the Galerkin FEM can be found in [15] .
On the stabilization of the Helmholtz equation in two dimensions.
In this chapter we will show that in two dimensions it is impossible to eliminate the pollution effect completely. To be more concrete, we will consider a very simple model situation, by employing bilinear elements on a uniform grid. Furthermore, in order to avoid boundary effects we will consider a sequence of increasingly large domains and employ weighted norms. However, as pointed out in the introduction, this model situation is appropriate for drawing conclusions to practical applications as well.
In a mathematical setting this means that we focus on the question of whether, for such a simple model problem, it is possible to choose the coefficients of a GFEM for the interior difference equations such that the pollution is eliminated. If this is not possible for this simplified situation, we must expect that in more general situations it is not possible either.
However, the analysis will show that a GFEM which has minimal pollution must have the property that the difference equations for interior grid points satisfy
for a maximal number of homogeneous solutions of the Helmholtz equation. Since, in contrast to the one-dimensional case, the number of homogeneous solutions is infinite, the above relation cannot be satisfied for all homogeneous solutions. It will turn out that this is the reason that the pollution effect is inevitable.
The GFEM for the Helmholtz equation in two dimensions.
In this chapter, x always denotes a two-dimensional vector, i.e., x = (x 1 , x 2 )
T . We will use two-dimensional multi-indices ν ∈ Z 2 . The abbreviation |ν| is defined by |ν| = ν 1 +ν 2 , and for a two-dimensional vector g, the notation g ν means g
Throughout this chapter we assume that the wave number k is bounded away from zero, i.e., k ≥ k 0 > 0.
Let the domains Ω n be defined by
We consider the homogeneous Helmholtz equation on the domain Ω n .
with boundary conditions
We will assume that problem (5.2), (5.3) has a unique solution u n ∈ H 1 (Ω n ) for all r n . To avoid notational technicalities we assume that the boundary conditions are not of Dirichlet type.
We consider GFEM discretizations to (5.2), (5.3) with piecewise bilinear elements. Let h denote a positive parameter denoting the step size which satisfies h −1 ∈ N. The Cartesian grid points are given by Θ n = hZ 2 ∩Ω n . For convenience, we identify grid points x ν with the multi-index ν. The notation ν ∈ Θ n stands for ν ∈ µ ∈ Z 2 | x µ ∈ Θ n . The corresponding Cartesian grid τ h consists of squares of side length h.
The bilinear finite element space is denoted by S h , and the nodal basis, by φ h ν . The set of interior grid points is given by Θ int n := hZ 2 ∩ Ω n . The system matrix of a GFEM method has to have the same sparsity pattern as the classical Galerkin discretization. For x ν ∈ Θ int , the difference equations of the corresponding Galerkin FEM can be written in the form
For convenience we have used two-dimensional indices for the vector u. Thus, the prolongation takes the form
The interior matrix stencil
expresses the sparsity of the matrix and has to be understood in the sense of (5.4). Since the matrix stencil contains nine coefficients, it is called a nine-point stencil (see [12] ). For the Galerkin method, we have The GFEM is determined by defining a family of regular matrices G h n and functionals Q h mapping the right-hand side of (5.3) onto the right-hand side vector of the linear system. According to Definition 2.5 the stencils of the GFEM have to satisfy the following conditions, A1-A2.
A1. The matrix G h n which depends on k is sparse in the sense that for every nodal point x ν ∈ Θ int the corresponding matrix row can be represented by a nine-point stencil.
A2. The functional Q
h is local in such a way that, for x ν ∈ Θ int , the corresponding entry of the right-hand side vector Q h r n ν is zero. We will impose further conditions which any reasonable GFEM should satisfy. Without the following assumptions, we would have to discuss much more pathological cases. Some detailed comments on these conditions are given in Remark 4.
A3. The interior stencils have constant entries, i.e.,
Furthermore, we require that the interior stencils are invariant of the domain Ω but depend only on k and the step size h. For x ν ∈ Θ int n ∩ Θ int n and all h, k > 0 we assume that the interior stencils coincide with
A4. We assume that coefficients of the interior stencils of the finite element matrices G (5.5) satisfy the following conditions:
2m , with α = kh and (G t ) m independent of k and h for all t ∈ {0, 1, 2} , m ∈ N 0 . A5. We assume that the principal part of G, i.e.,
is an approximation of the principal part a 0 (u, v) = Ω ∇u, ∇v dx of order 2, implying
These restrictions are very natural considering linear finite elements. Some comments are given in the following remark.
Remark 4. Condition A3 corresponds to the rotational symmetry and translation invariance of the Helmholtz equation and the mesh τ h .
Condition A4 reflects the fact that the Laplacian and the identity are operators of even order.
Condition A5 is the usual consistency condition if "−∆" is discretized by (bi)linear elements.
Obviously, the Galerkin FEM satisfies conditions A1-A5.
Weighted norms and the Fourier transform
. Now we will specify the norm in which the error of the approximation will be measured. In the introduction we have already explained why, for the Helmholtz problem, the L 2 -norm is of main physical relevance and why the domain of computation might be much larger than the domain of interest. In this light, it is natural to introduce the following weighted L 2 -norms. On a domain Ω ⊂ R 2 the norms · − and · + are defined by
Let the space V − := V − (Ω) be defined by the closure of C ∞ (Ω) with respect to the norm · − and the space V + correspondingly. If Ω = R 2 , the norm v − can be expressed by the Fourier transform of v. Before going into the details, we have to recall some facts about the theory of tempered distributions and the Fourier transform which will be needed below. The theory of the Fourier transform (integral) and the discrete Fourier transform could be found in [10, pp. 185 ff.], [3] , [5] .
Let us now define some function spaces and the integral and discrete Fourier transforms.
Let S be the space of all arbitrary, often differentiable, complex-valued functions φ, defined on R 2 , such that for all multi-indices q, k ∈ N 2 0 , there exist numbers C q,k such that
Let S denote the space of tempered distributions on S. If φ ∈ S, the Fourier transformφ is defined byφ
The Fourier transform of a distribution ψ is defined by the relatioñ
To define the discrete Fourier transform, let S denote the space of all infinite twodimensional sequences a = {a ν } ν∈Z 2 having the property that for every a ∈ S there exists a nonnegative integer q and a constant C such that 
Proof. The relation .10) is proved in the following two steps.
(
(ii) "≥":
Using the well-known
and Parseval's equality (5.8), one concludes that the right-hand side of (5.10) coincides with sup
, which completes the proof.
On the pollution effect of the GFEM for the Helmholtz equation in two dimensions.
In this chapter we will show that, for each GFEM, there exists a family of right-hand sides r n for problem (5. Proof. The first statement follows by computing the inverse Fourier transform of (5.12) (cf. [10, pp. 190 
ff.]).
Transforming the homogeneous Helmholtz equation on the whole plane into the Fourier image results in
Obviously, this equation is satisfied by (5.12), yielding statement (b).
The support of the Fourier transform of u 0 is given by
In combination with Lemma 5.1, we obtain
Using the trace theorem we know that
with
We had imposed the general condition that k ≥ k 0 > 0; therefore, the constantČ depends only on the length of A. Combining this estimate with (5.14) results in
where consequently, C depends only on the length of A.
Assertion (d) is an immediate consequence of (a), (b), (c), and our assumption on B n .
In the following we will use infinite matrices having a sparse and constant stencil. For this, the space M of infinite, sparse matrices is defined by
where M ν denotes the stencil (cf. (5.5)) of the νth matrix row. In the following we will identify infinite matrices with its matrix stencil. By assumption A3 the interior stencils of the matrices G h n are independent of n. Let G h ∞ ∈ M be the infinite matrix consisting of the interior stencils of G h n , i.e., for
an arbitrary but fixed infinite matrix, as explained above. Then, there exists constants c A and c s , independent of k and h, but possibly depending on (G t ) m (cf. A4) and constants
with u k,β0,β1 defined by (5.11), provided k 3.5 h 3 is bounded. Proof. The proof of this theorem is somewhat sophisticated and needs some preparatory lemmas; therefore, it is postponed to the appendix.
In the following, the constants β 0 and β 1 are fixed by Theorem 5.3.
In the following, we will show that the convergence rate of the best approximation is (kh)
2 . In view of (5.16) it remains to generalize Theorem 5.3 to finite domains in order to prove that any GFEM contains the pollution effect. This is done by choosing the right-hand side in (5.2), (5.3) such that the restriction of u 0 to Ω n denotes the exact solution.
We begin by estimating the error of the interpolant of u 0 to obtain an error estimate of the best approximation by using
.
THEOREM 5.4 (interpolation error).
Let the function u 0 be defined by (5.11) with
with a constant c int independent of k, h, and n.
Proof. We have
Applying standard interpolation estimates (see [7, Rem. 15 .2]) yields
We conclude that
Using the estimate
The proof is completed by showing that
In view of (5.11) we get The length of the arc A which appeared in the proof of Lemma 5.2 is now of order 1, and henceČ is independent of k. The estimate |k j | ≤ k for j = 1, 2 completes the proof.
The proof of Theorem 5.6 is done by contradiction. Thus, in the following lemma, some conclusions are drawn under the assumption that there exists a pollution-free GFEM. These conclusions concern the relation of the Helmholtz problem on the finite domain Ω n with the one on the whole plane.
LEMMA 5.5. Let us assume that there exists a pollution-free GFEM satisfying conditions A1-A5, i.e.,
with a constant c independent of k, h, and n. 
Proof. (a) The space V − R 2 is a Hilbert space with scalar product
Since the constant c of assumption (5.17) is independent of k, h, and n, it follows that the sequence u 0 − U
is bounded independent of n. In view of Lemma 5.2
we know that u 0 ∈ V − R 2 , and consequently, the sequence U
is bounded independent of n. Hence, we can choose a subsequence U h nj , which for n j → ∞ converges weakly to a function u
For simplicity we will skip the index j in the following. (
Choose n ∈ N such that x λ ∈ Θ int n . Thus, by using A3, we get We are now able to prove that, for every GFEM, there exists a sequence of domains Ω n with n dependent on k and h and a family of right-hand sides for the Helmholtz equation 
Hence, for k → ∞ and h chosen such that k 3.5 h 3 = 1, the error of the best approximation tends to zero, while the error of the finite element solution is larger than C. Therefore, the pollution effect is unavoidable in two dimensions.
Proof. The proof is given by contradiction. Let us assume that there exists regular matrices G h n corresponding to the domains Ω n with n = n (k, h) , such that for every right-hand side r n and corresponding exact solution u 
From assumption (5.22) and Lemma 5.5 it follows that u 0 − u
Hence, for every > 0 there exists n 0 such that
with c s defined in Theorem 5.3 and sufficiently large n 0 , possibly dependent on k and h, we obtain that, for all sufficiently large n ≥ n 0 , estimate (5.23) and
are satisfied. Using Theorem 5.3 and the estimate above we conclude that Let k → ∞ and h be chosen such that k 3.5 h 3 = 1, i.e., h = k −3.5/3 . Therefore, (hk) 2 = k −1/3 tends to zero for k → ∞. Hence, for k → ∞, the left-hand side of (5.25) is c s /3, while the right-hand side tends to zero, which contradicts our assumption.
This theorem shows that the pollution effect is unavoidable in two dimensions. However, this theorem does not make any assertion about the size of the pollution for a fixed domain. From this theorem it is clear that a GFEM which satisfies
6. Appendix. In this appendix we will prove Theorem 5.3. We use the notations introduced in section 3. We will consider an infinite matrix G ∈ M that has a constant nine-point stencil,
and that satisfies conditions A1-A5. Let u h ∈ S denote a solution of
which is identified with a finite element function u h ∈ S h via u h := E h u h . We will discuss here the question of which precision functions of the type
can be approximated by solutions of (6.2). We recall the definition of the norms · ± (see section 5.2). Using Lemma 5.1, the error u 0 − u h can be expressed by
In view of (6.3) we will now compute the Fourier transformation of a finite element function u h corresponding to a solution u h of (6.2), whileũ 0 is given by (5.12).
LEMMA 6.1. The discrete Fourier transform of any solutionũ h ∈ S of (6.2) satisfiesĝ 
From assumption A5, it follows that G 0 = 0 is fulfilled for sufficiently small kh; thus, the function g is well defined:
Using A5, the coefficients g 1 and g 2 can be expanded accordingly:
Note that conditions (5.7) imply that
In view of (6.4) we conclude that
For later use we define the scaled set ∈ N h G thenũ h (σ) = 0, which completes the proof. The norm u 0 − u h − will be estimated as follows. For given GFEM we will choose u 0 , i.e., β 0 , β 1 , such that suppũ 0 ∩ suppũ h = ∅ and a function η ∈ H 1 R 2 , having the property that
Under these assumption and taking into account (6.3) and (5.12), the norm u 0 − u h − can be estimated from below by
To determine the domain D we will use the following lemma. Proof. We have to show that σ ∈ N 1 G implies that σ / ∈ D 1 . Therefore, we investigate the roots of g (σ). The zeros of g are 2π-periodic; i.e., if g (σ) = 0, then g (σ + 2πν) = 0 for all ν ∈ Z 2 . In view of the definition of D 1 , we are interested only in the zeros of g which are of order hk, i.e., are small. We make the following ansatz using the abbreviation α := kh: σ = r (β, α) cos β sin β (6. 
